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1 Introduction: the superconformal bootstrap
The conformal bootstrap. The most natural observables in a conformal field theory
(CFT) are correlators of gauge invariant local operators. The operator product expansion
(OPE) can be used in order to compute any n−point correlation function in terms of
the CFT data: the spectrum of anomalous dimensions and the structure constants. The
basic idea of the conformal bootstrap is to constrain the CFT data by using symmetries of
correlation functions, together with unitarity and the structure of the OPE. For instance,
let us consider the four-point function of a scalar field φ of dimension d in a generic CFT.
Conformal symmetry implies
〈φ(x1)φ(x2)φ(x3)φ(x4)〉 = g(u, v)
x2d12x
2d
34
(1.1)
where we have introduced the cross-ratios u = (x212x
2
34)/(x
2
13x
2
24) and v =
(x214x
2
23)/(x
2
13x
2
24). By considering the OPE φ(x1) × φ(x2) we can decompose the four
point function into conformal blocks
g(u, v) = 1 +
∑
ℓ,∆
a∆,ℓg∆,ℓ(u, v) (1.2)
the sum runs over the tower of primaries present in the OPE ( O∆,ℓ ∈ φ × φ ) and ℓ and
∆ denote the spin and the dimension of the intermediate primary. a∆,ℓ = c
2
∆,ℓ denotes
the square of the structure constants and is non-negative due to unitarity. The conformal
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blocks g∆,ℓ(u, v) are explicitly known functions, fixed by conformal symmetry, which repack
the contribution of all descendants of a given primary. Finally, we have singled out the
contribution from the identity operator.
We could have instead considered the OPE φ(x2) × φ(x3). Crossing-symmetry of the
four-point function
g(u, v)
x2d12x
2d
34
=
g(v, u)
x2d23x
2d
14
→ vdg(u, v) = udg(v, u) (1.3)
together with associativity of the OPE imply the conformal bootstrap equation
∑
ℓ,∆
a∆,ℓF∆,ℓ(u, v) = 1, a∆,ℓ ≥ 0 (1.4)
F∆,ℓ(u, v) ≡ v
dg∆,ℓ(u, v)− udg∆,ℓ(v, u)
ud − vd
In [1] it was understood how to use efficiently this equation in order to find non-perturbative
bounds for the anomalous dimensions of operators appearing in the OPE φ× φ. The idea
is the following. A given trial spectrum of dimensions and spins {∆, ℓ} can be ruled out if
we can find a linear operator Φ such that
Φ(F∆,ℓ(u, v)) ≥ 0, for a∆,ℓ 6= 0 (1.5)
Φ(1) < 0
since this would mean the bootstrap equation has no solutions with a∆,ℓ non-negative.
By considering families of trial spectra it is possible to put bounds on the dimensions of
the leading twist operator for a given spin ℓ. A similar idea can be used to put bounds
on the OPE coefficients1 a∆,ℓ, see e.g. [4–6]. We single out a particular dimension and
spin {∆0, ℓ0} and then normalize the linear operator such that Φ(F∆0,ℓ0(u, v)) = 1. If
Φ(F∆,ℓ(u, v)) ≥ 0 for all other values of ℓ and ∆, we obtain the following bound
a∆,ℓ = Φ(1)−
∑
ℓ,∆ 6=ℓ0,∆0
a∆,ℓΦ(F∆,ℓ(u, v)) ≤ Φ(1) (1.6)
Note that for every “allowed” spectrum Φ(1) will be positive.
The conformal bootstrap has been used successfully in order to constraint the CFT
data for several CFT’s in various dimensions. These constraints can be very powerful and
in some cases they can be even enough to fix it completely! see e.g. [2, 3].
Over the last few years, there has been remarkable progress in the computation of
observables in N = 4 super-Yang-Mills (SYM). It has also become apparent that the
theory has a tremendously rich structure. Much of this progress, however, has been
confined to either perturbation theory (at weak or at strong coupling) in the planar limit,
or to protected quantities. In [7] it was shown how the methods of the conformal bootstrap
can be applied to N = 4 SYM.
1Sometimes we will call OPE coefficient to a∆,ℓ with the understanding that it is the square of the OPE
coefficient.
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The superconformal bootstrap. The starting point is the four-point correlator of
the protected scalar operator transforming in the 20′ of the SU(4) R-symmetry group
O(IJ)
20′
= Trφ(IφJ), I = 1, . . . , 6. This correlator has been studied in much detail, see
for instance [8, 9]. The OPE O(IJ)
20′
× O(KL)
20′
, and hence the four point function, receives
contributions from long multiplets, as well as from short and semi-short multiplets. It
turns out that crossing-symmetry plus superconformal symmetry can be used to fix the
contributions from short and semi-short multiplets [7]. Furthermore, for long multiplets,
the superconformal primary is always a SU(4) singlet [9, 10]. The conformal bootstrap
equation for N = 4 SYM takes the final form [7]:∑
ℓ=0,2,...,
∆≥ℓ+2
a∆,ℓF∆,ℓ(u, v) = F
short(u, v, c) (1.7)
a∆,ℓ denotes the (square of the) structure constant involving two protected operators O20′
and a superconformal primary, singlet of SU(4), of spin ℓ and dimension ∆. F short(u, v, c)
is an explicit, calculable function, arising from short and semi-short contributions and is
the analogue of the 1 in the right hand side of the usual conformal boostrap equation.2 It
is independent of the coupling constant and depends on the gauge group only through its
central charge c. For SU(N) gauge groups we have c = (N2−1)/4. Finally, we have defined
F∆,ℓ(u, v) = v
2u
∆−ℓ
2 G
(ℓ)
∆+4(u, v)− u2v
∆−ℓ
2 G
(ℓ)
∆+4(v, u)
G
(ℓ)
∆ =
1
z − z¯
((
− z
2
)ℓ
zk∆+ℓ(z)k∆−ℓ−2(z¯)− (z ↔ z¯)
)
(1.8)
with kβ(z) = 2F1(β/2, β/2, β; z) and we have used u = zz¯, v = (1− z)(1− z¯).
In [7] the superconformal bootstrap equation (1.7) was used in order to obtain numer-
ical bounds for the anomalous dimensions of leading twist operators of low spin. Those
bounds provided true non-perturbative information about non-planar N = 4 SYM. In this
note, we report a modest generalization of their results. We use the superconformal boot-
strap equation (1.7) in order to find numerical bounds to structure constants ofN = 4 SYM.
In the next section we derive global/exact bounds, valid for any value of the coupling
constant and making no assumptions about the spectrum of the theory. In section three,
we focus in two special cases where something can be said about the spectrum: the free
theory and S-duality invariant points. At the end of section three we compare our results
with interpolating functions constructed from the available perturbative data. Finally we
end up with some discussion. In the appendices we include some technical details as well
as numerical results for the bounds in several cases.
2 Global bounds
We start by considering eq. (1.7) at generic values of the coupling constant. In this case,
ℓ = 0, 2, 4, . . . but ∆ can take any continuos values, provided ∆ ≥ ℓ+ 2. In order to write
2We thank L. Rastelli for sharing with us their closed expression for F short.
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down our linear operator, it is convenient to use variables a, b such that
z = 1/2 + a+ b, z¯ = 1/2 + a− b
Due to the symmetries of the correlator, both F∆,ℓ and F
short are odd functions of a and
even functions of b. The linear operators we consider take the following form
Φ(Λ)f(a, b) ≡
2i+2j+1=Λ∑
i,j=0
κij
(2i+ 1)!(2j)!
∂2i+1a ∂
2j
b f(a, b)|a=b=0 (2.1)
Namely, we expand around the symmetric point z = z¯ = 1/2. This is an obvious choice,
but most importantly, one can check numerically, for specific cases, that acting with this
operator and summing over ℓ and ∆ in (1.7) commute. In particular, after acting with
Φ(Λ) on each F∆,ℓ , we expect the sum over ℓ,∆ to converge.
Once we have selected a particular {∆0, ℓ0}, the task is then to minimize Φ(Λ)F short
subject to the constraints Φ(Λ)F∆0,ℓ0 = 1 and Φ
(Λ)F∆,ℓ ≥ 0 for all {∆, ℓ} 6= {∆0, ℓ0}. In
practice we use cut-offs ℓ = 0, 2, . . . , ℓmax, 0 ≤ ∆ − ℓ − 2 ≤ ∆max and discretize ∆.
For the results shown in this note we have used ℓmax = ∆max = 20 and δ∆ = 1/8. We
have explicitly checked that changing theese cut-offs does not improve the bounds signifi-
cantly. Furthermore, the constraints inside the cut-off are supplemented by the asymptotic
constraints. Assuming ℓ,∆≫ 1 with ℓ = α∆, we find
Φ(Λ)F∆,ℓ=α∆ ∼
∑
2i+2j+1=Λ
(Λ + 1)!
(2i)!(2j + 2)!
α2j+2κij ≡ Φ(Λ)asymp(α) (2.2)
The asymptotic constraints take the form
Φ(Λ)asymp(α) ≥ 0 for 0 ≤ α ≤ 1 (2.3)
For a fixed spin ℓ0 we assume that the leading twist operator has dimension ∆0, with
ℓ + 2 ≤ ∆0 ≤ ∆cl , where ∆cl is the bound for the dimension . Then we need to solve the
following optimization problem
Minimize Φ(Λ)F short
subject to Φ(Λ)F∆0,ℓ0 = 1,
Φ(Λ)F∆,ℓ0 ≥ 0, ∆ > ∆0
Φ(Λ)F∆,ℓ ≥ 0, ℓ 6= ℓ0, ∆ ≥ ℓ+ 2
Φ(Λ)asymp(α) ≥ 0, for all 0 ≤ α ≤ 1
This optimization problem involves 18(Λ+1)(Λ+3) variables κij and can be solved numer-
ically using standard linear programming software. We have worked with Λ = 17. Figure
1 shows the exclusion regions for a∆,ℓ as a function of ∆, for ℓ = 0, 2 and different val-
ues of the central charge and figure 2 shows the bounds for a∆,0 with SU(2) gauge group
corresponding to different values of Λ.
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Figure 1. Exclusion regions for the structure constants (or rather, their square) involving two
protected operators and one non-protected operator. We show the results for the leading twist
operator of spin 0 (top) and spin 2 (bottom), for gauge groups SU(2) (left) and SU(5) (right).
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Figure 2. Exclusion region for the square of structure constants involving two protected operators
and one leading twist, non-protected operator of spin 0 and for gauge group SU(2) for different
values of Λ. The top line corresponds to Λ = 5 and the bottom to Λ = 17.
– 5 –
J
H
E
P09(2014)144
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
1 2 3 4 5 6
0.0
0.5
1.0
1.5
c
aH2,0L
æ
æ
æ æ
æ æ æ æ æ æ
æ æ
æ
æ
æ æ
æ æ æ æ æ
æ æ æ
æ
æ
æ æ
æ æ æ æ æ
æ æ æ
1 2 3 4 5 6
0.00
0.02
0.04
0.06
0.08
0.10
c
aH6,0L
Figure 3. Threshold values for structure constants as calculated from the conformal bootstrap
(assuming the spectrum) vs the actual value (solid line). Different points for a given central charge
c denote different values of Λ. In all cases, as Λ increases the threshold values approach the actual
value. The figure shows the result for the leading twist operators (left) and twist 6 operator (right)
both with zero spin.
Results for other operators can be found in appendix B. These bounds represent robust
non-perturbative information about structure constants of N = 4 SYM. In obtaining them
we have made no assumptions regarding the spectrum of the theory. Namely, we have
considered a continuos spectrum for ∆, consistent with the unitary bound ∆ ≥ ℓ + 2. If
some information about the spectrum is known, then these constraints can be improved (
in some cases significantly). In the following we will consider two instances of this.
3 Particular points of the conformal manifold
3.1 Free theory
Let us analyze the constraints following from the bootstrap equation (1.7) in the free theory
limit. In this case, for each fixed ℓ, we have ∆ = ℓ+ 2t with 2t the twist and t = 1, 2, . . ..
The OPE coefficients have been worked out for this case [9]
aℓ+2,ℓ = 2
ℓ+1Γ
2(ℓ+ 3)
Γ(ℓ+ 5)
4
c
(3.1)
aℓ+2t,ℓ = 2
ℓΓ(ℓ+ t+ 1)Γ(ℓ+ t+ 2)Γ
2(t+ 1)
Γ(2ℓ+ 2t+ 1)Γ(2t+ 1)
(
4(ℓ+ 1)(ℓ+ 2t+ 2) +
4
c
(−1)t
)
, t > 1
Nonetheless we can ask the question of finding bounds on the structure constants by as-
suming the spectrum of the free theory. We have considered aℓ+2t,ℓ for several values of
the spin and the twist. In all cases by increasing Λ the threshold approaches the actual
tree-level values for a∆,ℓ, see figure 2 for two particular examples
Maybe this should not come as a surprise: after all for ℓ = 0, 2, . . . and ∆ = ℓ +
2, ℓ+ 4, . . . the conformal blocks form a complete basis of functions and this is the reason
why one can solve for the a∆,ℓ. Hence, in the free theory limit, we would expect a unique
solution to the superconformal bootstrap equation. In any case, this is a remarkable test
of the convergence of the method and shows that the constraints on the OPE coefficients
can be improved significantly given information about the spectrum.
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3.2 Duality invariant points
Observables of N = 4 SYM are functions of the complexified coupling constant
τ = y +
i
g
where we have introduced y = θ2π and g =
g2
YM
4π . N = 4 SYM possesses S-duality under
which the coupling constant transforms as
h · τ = aτ + b
cτ + d
for integers a, b, c, d such that ad− bc = 1, namely h ∈ PSL(2,Z). PSL(2,Z) contains two
finite order subgroups, generated by h2 · τ = −1/τ and h3 · τ = (τ − 1)/τ . Each subgroup
has a fixed point in the fundamental domain
τ2 = i, τ3 = exp(iπ/3)
In [7] it was conjectured that at these values (at least one of them) the bounds on the
dimensions derived from the superconformal bootstrap are actually saturated. This implies
that at certain value of the coupling constant the spectrum actually satisfies
∆0 ≥ ∆c0
∆2 ≥ ∆c2 (3.2)
∆4 ≥ ∆c4
and so on. ∆cℓ denotes the threshold (or “corner” value) for the anomalous dimension of
the leading twist operator with spin ℓ. In [11] the corner values for ℓ = 0, 2, 4 and for
N = 2, 3, 4 are provided. We have computed bounds for a∆c
0
,ℓ=0 and a∆c
2
,ℓ=2 assuming the
above spectrum. A full analysis would require to estimate ∆cℓ for ℓ = 6, 8, . . .. Fortunately,
the answer is not affected, up to the digits reported, by those. For N = 2, 3, 4 we find
N = 2 : a∆c
0
,ℓ=0 < 1.598, a∆c
2
,ℓ=2 < 0.805
N = 3 : a∆c
0
,ℓ=0 < 0.796, a∆c
2
,ℓ=2 < 0.586 (3.3)
N = 4 : a∆c
0
,ℓ=0 < 0.595, a∆c
2
,ℓ=2 < 0.547
Comparing to the previous section, the extra information on the spectrum only improves
the bounds slightly for ℓ = 0 but the improvement is significative for ℓ = 2 (for N = 2, 3, 4
the values obtained with no assumptions regarding the spectrum are 0.86, 0.624 and 0.57
respectively).
Of course, these bounds could be further improved if we are given extra information
about the spectrum of the theory.
In line with the conjectures of [7, 11] it is natural to conjecture that these bounds are
actually saturated at the duality invariant points. This (if true!) would give the structure
constants at a point which no other methods can access.
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3.3 Interpolating functions and comparison to our results
In the following we would like to compare our results to appropriate resummations of
the available perturbative data. The idea is to construct interpolating functions that
give a good approximation to the structure constants to all values of the coupling, and
then compare such results with the bounds of the previous section. In order to construct
interpolating functions we will follow [11], who studied the anomalous dimensions of leading
twist operators.
As already mentioned, N = 4 SYM possess S-duality. It was noted in [11] that
anomalous dimensions of non-protected operators should be invariant under the modular
group PSL(2,Z). We expect the same to be true for the structure constants considered in
this paper.3
The authors of [11] introduced a refined version of Pade approximants P (h), manifestly
invariants under h, a finite order subset of the modular transformations.The interpolating
functions take the form
Ph[n/m](g) =
a0g
(−n)
h
+ a1g
(−n+1)
h
+ . . .+ an
g
(−m)
h
+ b1g
(−m+1)
h
+ . . .+ bm
(3.4)
where, for a finite order subgroup of order d, the following notation has been introduced
g
(n)
h
=
d−1∑
k=0
(hk.g)n (3.5)
For application to anomalous dimensions, which go as γ ∼ g at weak coupling, we take
m = n + 1. For application to structure constants, which are finite at tree level, we take
m = n. Then, the coefficients in (3.4) for each observable can be fixed once the perturbative
result at 2m loops is known. For the generators h2.τ = −1/τ and h3.τ = (τ−1)/τ we have
g
(n)
h2
= gn +
(
1 + y2g2
g
)n
, g
(n)
h3
= gn +
(
1 + y2g2
g
)n
+
(
1 + (1− y)2g2
g
)n
(3.6)
We will construct interpolating functions by using the available two-loop results (since
four-loop results for structure constants are not available), which are of the form
γ(g) = α1g(1 + α2g
2 + . . .) (3.7)
a(g) = β0
(
1 + β1g + β2g
2 + . . .
)
(3.8)
the interpolation functions in each case read
P (2)γ (g) = α1
(
1
g
+
g
1 + y2g2
− α2
)−1
,
P (3)γ (g) = α1
(
1
g
+
g
1 + y2g2
+
g
1 + (1− y)2g2 − α2
)−1
,
3Namely, involving two-protected scalar operators O20′ and a superconformal primary in a long multi-
plet. Complications arise if the protected operators have higher twist and/or descendants are involved. We
thank L. Rastelli for discussions on this point.
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γest. γthr.
P
(3)
γ P
(2)
γ
SU(2) 0.59 0.72 0.93
SU(3) 0.81 0.97 1.24
SU(4) 0.99 1.17 1.47
Table 1. Estimated vs threshold values for the anomalous dimension at the duality invariant point.
aest. athr.
P
(3)
a P
(2)
a
SU(2) 1.59 1.598
SU(3) 0.59 0.796
SU(4) 0.31 0.595
Table 2. Estimated vs threshold values for the structure constant at the duality invariant point.
P (2)a (g) = β0
β1 − β2β1 + 1g +
g
1+g2y2
−β2β1 + 1g +
g
1+g2y2
,
P (3)a (g) = β0
β1 − β2β1 + 1g +
g
1+y2g2
+ g
1+(1−y)2g2
−β2β1 + 1g +
g
1+y2g2
+ g
1+(1−y)2g2
(3.9)
One application of these formulas is to get an estimate for the value of the anomalous
dimension and structure constant at the fixed point in each case. The fixed points for
the order two and three symmetries are g = 1, y = 0 and g = 2/
√
3, y = 1/2 respectively.
Let us focus in the case of the spin-zero operator, of the form TrΦIΦI . Using the explicit
perturbative results
γ0(g) =
3Ng
π
− 3N
2g2
π2
+ . . . (3.10)
a0(g) =
16
3(N2 − 1) −
20N
3(N2 − 1)πg +
N2
3(N2 − 1)π2 (23 + 6π
2 + 72ζ3)g
2 + . . . (3.11)
we get the following estimates. P
(2)
γ/a (P
(3)
γ/a) denotes the estimate obtained by using the inter-
polating function P
(2)
γ/a(g) (P
(3)
γ/a(g)) evaluated at the fixed point g = 1, y = 0 (g = 2/
√
3, y =
1/2). These are shown together with the threshold/corner values in tables 1 and 2.
In all cases, we see that the value given by the interpolating function is of the order of
the predicted value. We expect the results to get closer once perturbative results at four
loops become available. In any case, note that the agreement for a∆c,0 in the case of SU(2)
is remarkable. The agreement gets worse as we increase the rank of the gauge group. This
is consistent with the expectation that the interpolating functions become less reliable [11]
. In any case, these results show that the conjectured results for a∆c,0 at the invariant
points are plausible. In particular, for SU(2) we obtain a∆c,0 ∼ 1.6.
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Figure 4. Interpolating functions vs. exclusion region, for the structure constant of leading twist
operator with ℓ = 0 as a function of the anomalous dimension.
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Figure 5. Interpolating functions vs. exclusion region, for the structure constant of leading twist
operator with ℓ = 2 as a function of the anomalous dimension.
We can also make comparisons at generic values of the coupling constant. The in-
terpolating functions (3.9) can be combined in order to obtain a∆,ℓ as a function of the
anomalous dimension γ. We obtain
Pa(γ) = β0
β1 − β2/β1 + α2 + α1γ
−β2/β1 + α2 + α1γ
(3.12)
for both h2 and h3. The following figure shows the behaviour of Pa(γ) versus the bounds
found in previous section, for the leading twist operators with spin ℓ = 0 and for various
gauge groups.
We observe that all the interpolations are consistent with our bounds, but the bounds
can be quite restrictive for small rank gauge groups. We have also considered operators with
higher spin, see for instance figure 4. In this case the bounds appear to be less restrictive
Finally, note that for SU(2) ℓ = 0, figure 3, the interpolating function is very close
to the threshold. Interestingly, this is the case were the interpolations are most reliable.
This, together with the results of [11], suggests that the conformal bootstrap, together with
S−duality, could be particularly suited to understandN = 4 SYM with gauge group SU(2).
4 Discussion
In this letter we have reported on bounds for structure constants/OPE coefficients of N = 4
SYM. These bounds represent exact, non-perturbative, information about the CFT.
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We have shown that these bounds can be improved at certain points in the conformal
manifold, where some information about the spectrum is known. In particular, for the free
theory, gYM = 0, the threshold values given by the conformal bootstrap agree with the
known values for the structure constants. Other special points of the conformal manifold
are the points fixed under a finite order sub-group of the modular group, for instance
gYM = 2
√
π. In line with conjectures put forward in [7, 11] it is natural to propose that
at these values of the coupling the structure constants saturate the bounds given by the
conformal bootstrap. For instance, for SU(2) gauge group this gives the following prediction
aℓ=0 . 1.6
for the (square of the) structure constant involving the leading twist operator with spin
zero (i.e. the Konishi operator) at that particular value of the coupling. This is a non-
perturbative prediction that would be very hard to make from any other method. If true,
this would show the power of the conformal bootstrap (in this case applied to N = 4 SYM)
in order to give non-perturbative information about a highly non-trivial CFT.
A method to obtain estimates at arbitrary values of the coupling constant is that of
interpolating functions. In particular one can construct interpolating functions consistent
with the symmetries of the theory [11]. We have compared such estimates to our results
and found that they were compatible with the proposal that the bounds are saturated at
the duality invariant points. From this comparison one can also see that the constraints
seem less stringent for large rank gauge groups. From this point of view the superconformal
bootstrap is very different to other approaches to understand N = 4 SYM.
There are several directions that one could follow. In this paper we have used two-
loop interpolating functions. Even though the structure constants studied in this paper are
known up to three-loops [12], Pade approximants can only be used with an even number of
loops.4 A four-loop result is expected to improve such interpolating functions. By combin-
ing the conformal bootstrap with the method of interpolating functions one may get valu-
able information to any value of the coupling τ , so it would be interesting to pursue this line.
It would also be interesting to study the dependence of our bounds, and the bounds for
the anomalous dimensions, with the spin of the operator. In [14] symmetries of the four-
point correlators were used in order to obtain a relation between the structure constants
and the anomalous dimensions for leading twist operator of large spin. Such relations are
valid to all loops, but still perturbative. It would be interesting to combine this perturba-
tive information with non-perturbative bounds arising from the conformal bootstrap. The
bounds derived in this paper use very little information about the spectrum of the the-
ory. We have seen that extra information about the spectrum usually results in improved
bounds for the structure constants. For instance, it would be interesting to understand the
implications of the results of [15, 16] for the problem at hand.
4This limitation can be circumvented by the interpolating functions constructed in [13] after subtracting
the tree level contribution. We checked that three-loop interpolating functions do not modify significantly
our results.
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Finally, it would be fascinating either to prove or disprove the conjectures made in [7]
and in this paper. Namely, that the bounds for scaling dimensions and structure constants
involving leading twist operators are saturated at the duality invariant points.
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A Linear operator in the asymptotic region
In this appendix we consider F∆,ℓ in the region ℓ,∆≫ 1, with ℓ = α∆. Using the following
integral representation for the hypergeometric function
2F1(β/2, β/2, β; z) =
Γ(β)
Γ(β/2)2
∫ ∞
0
e−β/2t(1− e−t)β/2−1(1− ze−t)−β/2dt
together with the method of steepest descent, one can show
kβ(z) ≈ 2β−1 (1− z)
(β−1)/4
(1 +
√
1− z)β/2−1(1 +√1− z − z)β/2 , β ≫ 1 (A.1)
This allows to write F∆,ℓ=α∆ in the asymptotic region in the following form:
F∆,ℓ=α∆(z, z¯) = f(z, z¯) + f(z¯, z)− f(1− z, 1− z¯)− f(1− z¯, 1− z), f = gh∆ (A.2)
using variables a, b with z = 1/2+ a+ b, z¯ = 1/2+ a− b, the small a, b expansion of g and
h have the form
g(a, b) =
g0,−1
b
+
g1,−1a+ g0,0b
b
+ . . . (A.3)
h(a, b) = h0,0 + h1,0a+ h0,1b+ . . . (A.4)
Assuming this general expansion, we can act with Φ(Λ) on F∆,ℓ=α∆(z, z¯). It turns out
that only the first leading terms in the expansion (A.3) contribute to Φ(Λ)F∆,ℓ in the
large ∆ limit. Furthermore, the leading contribution comes from coefficients κij such that
2i+ 2j + 1 = Λ. We find the result quoted in the body of the paper
Φ(Λ)F∆,ℓ=α∆ ∼
∑
2i+2j+1=Λ
(Λ + 1)!
(2i)!(2j + 2)!
α2j+2κij (A.5)
where we have dropped a positive numerical factor independent of α and κij .
B Numerical results
The following shows our numerical results for the bounds on the structure constants. For
the tables we have restricted ourselves to 0 ≤ γ ≤ 1 and a spacing δγ = 1/10. These values
were obtained with Mathematica and further checked with Matlab and CPLEX optimizer.
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SU(2), ℓ = 0
∆ amax∆,0
2 2.208
2.1 2.029
2.2 1.891
2.3 1.787
2.4 1.712
2.5 1.660
2.6 1.627
2.7 1.610
2.8 1.606
2.9 1.606
3 1.604
SU(2), ℓ = 2
∆ amax∆,2
4 0.678
4.1 0.732
4.2 0.789
4.3 0.848
4.4 0.905
4.5 0.915
4.6 0.887
4.7 0.867
4.8 0.854
4.9 0.848
5 0.846
SU(3), ℓ = 0
∆ amax∆
2 1.038
2.1 0.944
2.2 0.872
2.3 0.819
2.4 0.780
2.5 0.753
2.6 0.736
2.7 0.730
2.8 0.731
2.9 0.739
3 0.753
SU(3), ℓ = 2
∆ amax∆
4 0.292
4.1 0.315
4.2 0.342
4.3 0.372
4.4 0.406
4.5 0.445
4.6 0.486
4.7 0.527
4.8 0.559
4.9 0.555
5 0.556
SU(5), ℓ = 0
∆ amax∆
2 0.551
2.1 0.494
2.2 0.451
2.3 0.419
2.4 0.397
2.5 0.381
2.6 0.368
2.7 0.361
2.8 0.359
2.9 0.361
3 0.370
SU(5), ℓ = 2
∆ amax∆
4 0.135
4.1 0.146
4.2 0.159
4.3 0.173
4.4 0.191
4.5 0.212
4.6 0.236
4.7 0.266
4.8 0.299
4.9 0.336
5 0.377
Table 3. Numerical bounds for structure constants of leading operators of spin ℓ = 0, 2 and
dimension ∆. In each case, it is assumed that the operator exists. This should be the case for ∆
smaller than the “corner” values found in [11].
C Relation to [14]
In this paper we have used the superconformal bootstrap equation which can be written as
∑
ℓ=0,2,...,
∆≥ℓ+2
a∆,ℓ
(
v2u
∆−ℓ
2 G
(ℓ)
∆+4(u, v)− u2v
∆−ℓ
2 G
(ℓ)
∆+4(v, u)
)
= F short(u, v, c) (C.1)
where a∆,ℓ is the square of the structure constant between two protected operators O20′
and a superconformal primary, singlet of SU(4), of spin ℓ and dimension ∆, and G
(ℓ)
∆ is
defined in (1.8). F short(u, v, c) does not depend on the coupling constant. Hence all the
dependence on the coupling in (C.1) is through a∆,ℓ and ∆ℓ. The OPE decomposition of
the four point function implies [7]
∑
ℓ=0,2,...,
∆≥ℓ+2
a∆,ℓv
2u
∆−ℓ
2 G
(ℓ)
∆+4(u, v) = F
long(u, v) + F˜ short(u, v) (C.2)
where F long(u, v) is symmetric under the exchange of u and v and F short(u, v) =
F˜ short(u, v) − F˜ short(v, u). Subtracting (C.2) from the same equation upon interchanging
u and v we obtain (C.1).
F long(u, v) denotes the contribution to the four point function of long multiplets and
depends on a complicated way on the coupling constant. F˜ short(u, v) can be fixed by
symmetry arguments plus tree-level computations. On the other hand F long(u, v) requires
explicit perturbative computations (at present!).
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Once the right hand side of (C.2) is known, we can use it to find precise information
about the CFT data. For instance, by keeping only the leading power of u, one can focus on
the leading twist operators, which perturbatively satisfy ∆−ℓ = 2 and are non-degenerate.
In [14] this particular form of (C.2) and the symmetry of F long(u, v) were used to find the
behavior of the structure constants of two protected and one leading twist operators in the
limit of large ℓ and to all orders in perturbation theory.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] R. Rattazzi, V.S. Rychkov, E. Tonni and A. Vichi, Bounding scalar operator dimensions in
4D CFT, JHEP 12 (2008) 031 [arXiv:0807.0004] [INSPIRE].
[2] V.S. Rychkov and A. Vichi, Universal constraints on conformal operator dimensions,
Phys. Rev. D 80 (2009) 045006 [arXiv:0905.2211] [INSPIRE].
[3] S. El-Showk et al., Solving the 3D Ising model with the conformal bootstrap,
Phys. Rev. D 86 (2012) 025022 [arXiv:1203.6064] [INSPIRE].
[4] F. Caracciolo and V.S. Rychkov, Rigorous limits on the interaction strength in quantum field
theory, Phys. Rev. D 81 (2010) 085037 [arXiv:0912.2726] [INSPIRE].
[5] D. Poland and D. Simmons-Duffin, Bounds on 4D conformal and superconformal field
theories, JHEP 05 (2011) 017 [arXiv:1009.2087] [INSPIRE].
[6] S. El-Showk and M.F. Paulos, Bootstrapping conformal field theories with the extremal
functional method, Phys. Rev. Lett. 111 (2013) 241601 [arXiv:1211.2810] [INSPIRE].
[7] C. Beem, L. Rastelli and B.C. van Rees, The N = 4 superconformal bootstrap,
Phys. Rev. Lett. 111 (2013) 071601 [arXiv:1304.1803] [INSPIRE].
[8] B. Eden, A.C. Petkou, C. Schubert and E. Sokatchev, Partial nonrenormalization of the
stress tensor four point function in N = 4 SYM and AdS/CFT,
Nucl. Phys. B 607 (2001) 191 [hep-th/0009106] [INSPIRE].
[9] F.A. Dolan and H. Osborn, Superconformal symmetry, correlation functions and the operator
product expansion, Nucl. Phys. B 629 (2002) 3 [hep-th/0112251] [INSPIRE].
[10] B. Eden and E. Sokatchev, On the OPE of 1/2 BPS short operators in N = 4 SCFT4,
Nucl. Phys. B 618 (2001) 259 [hep-th/0106249] [INSPIRE].
[11] C. Beem, L. Rastelli, A. Sen and B.C. van Rees, Resummation and S-duality in N = 4 SYM,
JHEP 04 (2014) 122 [arXiv:1306.3228] [INSPIRE].
[12] B. Eden, Three-loop universal structure constants in N = 4 SUSY Yang-Mills theory,
arXiv:1207.3112 [INSPIRE].
[13] A. Sen, S-duality improved superstring perturbation theory, JHEP 11 (2013) 029
[arXiv:1304.0458] [INSPIRE].
[14] L.F. Alday and A. Bissi, Higher-spin correlators, JHEP 10 (2013) 202 [arXiv:1305.4604]
[INSPIRE].
[15] Z. Komargodski and A. Zhiboedov, Convexity and liberation at large spin,
JHEP 11 (2013) 140 [arXiv:1212.4103] [INSPIRE].
[16] A.L. Fitzpatrick, J. Kaplan, D. Poland and D. Simmons-Duffin, The analytic bootstrap and
AdS superhorizon locality, JHEP 12 (2013) 004 [arXiv:1212.3616] [INSPIRE].
– 14 –
